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Abstract

Given a tree with weight and length on each edge, this paper presents an efficient algorithm for locating the length-constrained
heaviest path on the tree. The time complexity of the algorithm is O(n log? n) and can be reduced to O(n log n) if the edge lengths
are all integers in the range 1 to O(n), where n is the number of vertices. It is also shown that several similar problems can be
solved by the same algorithm. © 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Consider the following network design problem.
Given a tree network with length and weight on each
edge, we want to upgrade the network by replacing
a path with high speed edges. The length of an edge
may represent the building cost and the weight may
represent the profit (maybe the traffic load). We are
also given a budget constraint which limits the length
of the path to be upgraded. Thus, our goal is to find
a length-constrained path, and we hope the weight
(profit) of the path is as large as possible.

We call such a problem the length-constrained
heaviest path problem on a tree network. Let n denote
the number of vertices of the input tree. Since there
are O(n?) paths on the tree, a direct method is to
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evaluate all the paths and find the optimal solution. In
this paper, we present an efficient algorithm for the
problem. Our algorithm uses the divide-and-conquer
strategy and runs in O(n log® n) time. Furthermore, if
the edge lengths are all integers in the range 1 to O(n),
the time complexity can be reduced to O(n logn).

Our algorithm is a recursive one. It first roots
the tree at its centroid (defined later), finds the best
path containing the centroid, and then find the best
path within each subtree by recursively calling the
algorithm. Such a technique had been used to solve
some other path problems on a tree. In [4], the
technique was used to find the kth longest path in a
tree, and in {5], it was used to find the core of a tree
with specified length.

The length-constrained heaviest path problem can
have several variants. For example, when the profit is
the most important factor, we may want to find the
path whose weight must exceed a given lower bound
and in addition the path length is as short as possible.
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